Functions and cardinality of sets

A function is a binary relation between two sets that associates to each element of
the first set exactly one element of the second set. For example, the formula for the
area of a circle, A = 7r?, gives the area A as a function of the radius r. The cardinality
of a set is a measure of a set’s size, meaning the number of elements in the set. Two
sets A and B have a same number of elements only when elements of A can be paired
in one-to-one correspondence with elements of B. This can be formulated by using
functions called bijections. We will show that the number of decimal numbers has the
same cardinality as the set of integers. But the size of real numbers is bigger than
decimal numbers. We will shot that the interval (0,1) = {z € R |0 < z < 1} is “as
big” as the whole set of real numbers R!

Definition 1. A binary relation f C A x B is said to be a function from a set A to
set B if

(a) (Va € A)(Fbe B) afb
(b) (Va € A) (Vbl, by € B) afb1 A bebg — by = by

Functions are also called maps or mappings.

In the definition of a function, A and B are called the domain and the codomain
of the function f. If (x,y) belongs to the relation f, then y is the image of = under f.
The f-value of z is denoted by f(x). Note that in the above definition, (i) means that
each element of A has an image, and (ii) says that this image is unique, meaning that
a same x cannot have two images. In the following examples, we consider briefly some
common real functions.

Example 2 (Exponents). Exponentiation is written as b”. The base b and the ex-
ponent or power n (“b raised to the power of n”). When n is a positive integer,
exponentiation corresponds to repeated multiplication of the base:
b" =bx---xb.
—_——
n times
The exponent is usually shown as a superscript to the right of the base.

One has b' = b. To extend this property to non-positive integer exponents, b° is
defined to be 1, and b~" (with n a positive integer and b not zero) is defined as bin In
particular, b1 is equal to 1/b.

For any positive integers m and n, one has

bm+n _ bm . bn
(bm)n — bmn
(b-e)"=0b"-c"



Example 3 (Roots as rational exponents). If = is a nonnegative real number and n is
a positive integer, zw of {/x denotes the unique positive real nth root of z, that is, the
unique positive real number y such that y" =« .

: . . . P,

If z is a positive real number and § is a rational numbers, then x< is defined as
P 1 1

Trea = (xp)q = ($Q>p.

The equality on the right may be derived by setting y = 27 and writing
(@) =9 = (())7 = (B")")+ = ()1,
If r is a positive rational number, 0" = 0 by definition.

For instance, 5/8 = 0.625. Therefore, 20625 — 25 = (25)5 = 325 & 1.54221. We are
dealing with approximations so 1.54221% ~ 31.99986.

Q=

Example 4. If z = 7, the non-terminating decimal representation 7 = 3.14159... and
the monotonicity of the rational powers can be used to obtain intervals bounded by
rational powers that are as small as desired, and must contain b™. Here are examples
of such intervals:

3 74 3.1 732 3.14 13.15 3.141 73.142 3.1415 73.1416 3.14159 73.14160
[b,b},[b , b },[b b },[b b },[b b },[b b ],
We will study limits later in this course.

A power function is a real function that can be represented in the form

fl@)=a-a?

where a and p are fixed real numbers and z is the variable. The value a is called the
coefficient and p is the power. The power function is closely related to exponent
function: A power function contains a variable base raised to a fixed power, but the
exponent function has a constant base raised to a variable power. For instance, f(z) =
2? is a power function. A

Example 5 (Absolute values). For any real number z, the absolute value of x is
denoted by |z|. It is defined as

x, ifxz>0
|z| = .
—x, ifxz<O.

The absolute value of z is thus always > 0. If x itself is negative (z < 0), then its
absolute value is necessarily positive (|z| = —z > 0). The absolute value of = can be
expressed also as

Va?



What is essential is that the absolute value of the difference of two real numbers is
the distance between them.

The absolute value has the following four fundamental properties (a and b are real
numbers):

(a) fal >0

(b) [lall = |al
(¢) [-al = la|
(d) |abl = |a[0]
(e

) la+0b] < af + 0]

Items (a)—(d) are easy to see valid by the definition. Case (e) is commonly referred as
triangle inequality. We have that a < |a| and —a < |a| for any a. This gives

a+b<|a| + b

and
—(a+0) = —a+(=b) < |a + ||
Because |a + b| is either a + b or —(a + b), the claim follows.

Example 6 (Polynomial functions). A polynomial function is a function involving only
non-negative integer powers of x. We can give a general definition of a polynomial, and
define its degree.

A polynomial of degree n is a function of the form
f(2) = apa™ + ap_12" ' + -+ agr® + a1 + ag,

where the a’s are real numbers called the coefficients of the polynomial.
A polynomial can be also expressed using summation notation:

n
E CLkl’k.
k=0

Although these general formulas can look quite complicated, particular examples
are much simpler. For example,
f(z) =42® — 32* +2

is a polynomial of degree 3, as 3 is the highest power of = in the formula. This is called
a cubic polynomial, or just a cubic. And

flz)=2"—42° +1

is a polynomial of degree 7, as 7 is the highest power of x.
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The function composition is an operation that takes two functions f and g and
produces a function h such that h(z) = g(f(x)). The function g is applied to the result
of applying the function f to x. The functions f: X — Y and ¢g: Y — Z are composed
to yield a function that maps = € X to g(f(z)) € Z.

The resulting composite function is denoted go f: X — Z, defined by (go f)(z) =
g(f(x)) for all z € X. The notation g o f is read as “g circle f”

Composing functions is a chaining process in which the “output” of function f is
given as “input” of function g. The composition of functions is a special case of the
composition of relations.

Example 7. Let A = {a,b,c}, B ={1,2,3,4}, and C = {z,y,z}. Suppose that the
functions f and ¢ are defined as

Example 8. Let X be a set. The identity function idy: X — X is a mapping which
maps each element x of X to itself, that is,

idy(a) =a

for all a € X.
For any function f: X — X, we can define f*: X — X as the n-th power of f,
where n € N, by setting

f=idx and f"'=fof"
Let f be a function from a set A to B.

e The function f is injective, or one-to-one, if distinct elements of A have different
images. An injective function is also called an injection. Formally, this condition
is presented as:

(Vo,y e A)x#y = f(z) # f(2).

This is equivalent to

(Vz,2' € A) f(x) = f(2)) = z =2



e The function f is surjective, or onto, if each element of A is mapped to by
at least one element of B. A surjective function is a surjection. Formally the
condition is presented as:

(Vy € B)(3z € A) such that y = f(x).

e The function f is bijective if it is both injective and surjective. A bijective
function is also called a bijection. A bijection is also called a one-to-one cor-
respondence.

Example 9. All maps here are from Z to Z.

(1) The map f(n) = n? is not an injection and not a surjection.
(2) The map g(n) = 2n is an injection, but not a surjection.

(3) The map h(n) =n + 2 is a bijection.

If f: A— B and g: B — A are functions, we say that g is an inverse to f (and
f is an inverse to g) if and only if f o g = idg and go f = id4. The inverse of f (if
it exists) is denoted by f~!. Tt is clear that f = (f~!)~!. In other words, if g is the
inverse function of f, then f is the inverse function of g.

Theorem 10. A function f: A — B has an inverse if and only if it is bijective.

Proof. Suppose g is an inverse to f. If f(a) = f(b), then (go f)(a) = (go f)(b). Because
go f=1idy, we have a = b and f is injective. If g € B, then because f o g = idg, then
we can set a = g(b). Now f(a) = g(f(b)) = (go f)(b) = b and f is surjective. We have
now prove that f is bijective.

Conversely, suppose f is bijective. This means that for each b € B, there exists
exactly one a € A that satisfies the condition f(a) = b. We can define the function
g: B — A by setting g(b) = a, where a is such that f(a) =b. Now

(fog)(b) = fg(b)) = fla)=b  and  (go [f)(a)=g(f(a)) = g(b) = a.

Thus, ¢ is the inverse of g. O

The inverse function essentially undoes the effects of the original function.

(i) Addition is defined in the whole R and it is “undone” by subtraction: when
you add 5 to x, you get x + 5; to reverse this operation you need to subtract 5
from z + 5. More precisely, if f(x) =z + 5, then f~!(x) = x — 5. This is because

F U f(x) = Y (245) = (z+5)—5 = zand f(f'(z)) = f(z—5) = (—5)+5 = =.



(ii) Multiplication is also defined in whole R and it is “undone” by division: if you
multiply = by 4, you get 4z. You then must divide 4z by 4 to return to the
original expression z. Indeed, if f(z) = 4z, then f~'(z) = x/4. This is because

[T f@) = f71(4e) = (o) /4 = w and f(f7(z)) = f(x/4) =4 (x/4) = x.

(iii) Let us now restrict ourselves to non-negative real numbers denoted by Rt = {x €
R | z > 0}. By definition, the root function is the inverse of power function,
because for any a,p,z € R,

x:% < xp:a/.

1 1

Now (¥/a)? = (a%)p =ar? =a' =aand Va? = (a?)/? = d’> = a' = a.

(iv) Logarithm is the inverse of exponentiation. That means the logarithm of a
given number x is the exponent to which another fixed number, the base b, must
be raised, to produce that number .

For instance, since 1000 = 10 x 10 x 10 = 103, the logarithm base 10 of 1000 is 3,
or log,4(1000) = 3. The logarithm of x to base b is denoted as log,(z), or without
parentheses, log;, x.

More precisely, the relation between exponentiation and logarithm is:
logy(z) =y <= 0 =z, wherex >0and b >0 and b # 1

For example, log, 64 = 6, because 2° = 64. Note also that

log, b¥ = y.
Proposition 11. (a) log,(xy) = log, = + log, y (product)
(b) log,} = log,z — log, y (quotient)
(c) log, (z*) = klog,x (power)
(d) log, = = 22 (changing base)

log;, a

Proof. (a) Let m = logyz and n = log,y. We have z = b™ and y = b". Therefore,
Ty = b0 = pm,

We have that
log,(zy) = log,(b™"™) = m +n = log, = + log, y



(b) Similarly as in (b), let m = log,z and n = log,y. We have x = b™ and y = b".
Thus,

z__

y o

m—n

We have .
log, — =log, b™ ™" =m —n = log, z — log, y
Y

(c) Suppose Suppose m = log, x. Then, z = b™. Raise both sides to the power k,
we have 2% = (b™)F = b*™. Take logarithms both sides:

log, 2¥ = log, b*™

= km = klog, x.
(d) Let k = log, x. Therefore, x = a*. Take logarithms both sides:

log, © = log, a* = klog, a

We have 1
log,x =k = 267
log, a
O
* * *

The cardinality of a set is a measure of the “number of elements” of the set. For
example, the set A = {2,4,6} contains 3 elements, and therefore A has a cardinality
of 3. The cardinality of a set A is usually denoted |A|; this is the same notation as
absolute value.

For example, if X = {1,2,3,...,9}, then |X| = 9. However, it is clear that the
cardinality of all sets cannot be given by a natural number. For example, the set N is
like this. We will return to this later in this section.

Definition 12. A set A is finite if | X| = n for some n € N. A set is infinite if it is
not finite. If A is an infinite set, then we denote |A| = occ.

This means that each set is either finite or infinite, but not both at the same time.

Example 13. (a) We show that the set of natural numbers N is infinite. We assume
for contradiction that N is finite. Then there is a number n € N such that |[N| = n and
N = {1‘1,$2, ce ,l‘n}.

The number z = 2y + x5+ - - -+ x, + 1 is a natural number. In addition, n is bigger
than any of the numbers x;. This means that the set {z1,z, ..., x,} cannot contain all
natural numbers, a contradiction! Therefore, the set N is not finite. So, it is infinite.



(b) We show that the set of prime numbers is infinite. We start noting that each
natural number n > 2 can be presented as a product of primes. We will prove this result
later in the course while studying number theory, but now we just need to believe that
it is true. For instance,

825 =3 x5 x5 x11.

Therefore, n is prime if and only if the product consists of the number n only.

Let us assume that the set of primes is finite. This means that there is n € N such
that the set {p1,p2,...,pn} contains all primes.

Let us consider the natural number

T=pip2---ppt+1

Let us now divide x by a prime number by p;.

T 1
— =piP2°Pi-1 " Pit1" " Pnt .
bi Pi
The result is not an integer.
Because z is not divisible by any of the known prime numbers p;, z itself must be
a new prime number. But z ¢ {p1,ps,...,pn}, a contradiction. Therefore, the set of
primes is infinite.

Two sets A and B have the same cardinality if there exists a bijection from A to B.

Example 14. The size of the even numbers has the same cardinality as N. This is
because the mapping f(n) = 2n is a bijection from the set {0,1,2,3,...} to the set
{0,2,4,6,...}.

According to the previous example, there are sets that have the same cardinality as
their own proper subset! Clearly finite sets cannot have such a feature.

Definition 15. A countable set is a set with the same cardinality as some subset
of the set of natural numbers. A countable set is either a finite set or a countably
infinite set. If A is countable infinite, then we write |A| = Ng. An infinite set is
uncountable if it is not countable.

The letter W is pronounced aleph. If |A| = Xy, we may think that A’s elements are
ordered in infinite sequence
ap, @y, az; . . .

such that each element of A appears sooner or later. If A is uncountable, then the
elements of A cannot be enumerated in this way.

Lemma 16. Let A and B countably infinite sets. Then



(a) AU B is countably infinite.
(b) A x B is countably infinite.

Proof. (a) Because A and B are countable, we can assume that we can enumerate their
elements as

ag,Q1,0Q2,... and by, by, ba, ...
We get an enumeration for AU B
Qo, b07 ai, b1> a2, b2 cee

by leaving out possible duplicates; they may occur if AN B # (.
(b) The following diagram gives an enumeration for A x B:

(a()a b0)7 (a17 bO)a (a07 bl)a (a'07 b2)7 (ala bl)a (a2a b())? s

A\ B bo by by

ao (CL(), bo) (ao, bl) — (ao, bg)
IS Ve

ay (al, bo) (al, bl) (al, 192)
Ve /

a2 (027 bo) (027 bl) (027 52)
VNS Ve

as (a3, bo) (ag, bl) (ag, 52)

In the kth diagonal, we enumerate such elements (a;,b;) that & = i + j — 1. This
means that we first enumerate pairs (a;, b;) such that i + j = 0, then those that satisfy
1+ j = 1, then the ones with ¢ + 7 = 2, and so on. m

Example 17. Using the Proposition (16| we may show that

1. the set Z of all integers is countable, and

2. the set of all rational numbers Q is countable.

We have shown that the sets N, Z, and Q are similar in the sense that they all have
the cardinality Ny. Next, we show that there are uncountable sets.

Example 18. Let us determine the cardinality of the set p(N) of all subsets of N. We
prove by contradiction that p(N) is uncountable.
Let us assume that p(N) is countable. This means that we can enumerate all subset
of N as
X(), Xl, XQ, Xg, R

Next we show that all subsets cannot be in this list. This is done by colouring each
natural number ¢ € N by the rules:



e the number ¢ is red, if i € X;;
e the number i is black, if i ¢ X;.

Let us denote by B the set of all black numbers. It is clear that B € p(N). Because
©(N) is countable, there exists a number k£ € N such that B = Xj.

Since k is a natural number, it should have a color. But both possible colors lead
to a contradiction!

e If £ is black, then k£ € B = X, and the colour of & is red, a contradiction!

o If k is red, then £ € X, = B, which means that the colour of k is black, a
contradiction!

We have now show that the assumption ‘p(N) is countable’ leads always to a contra-
diction. Therefore, p(N) is uncountable.

Another way to show that p(N) is uncountable is the following. Each subset X C N
can be identified by an infinite vector v such that ith element of v is 1 if ¢+ belongs to
X, and 0 otherwise. Suppose that p(N) has an enumeration:

0,0,0,0,0,0, .
1,1,1,1,1,1,1, . ..

(0, )
( )
53_(0,1,0,1,0,1,0...)
S4=(1,0,1,0,1,0,1,...)
( )
( )
( )

S5=(1,1,0,1,0,1,1, ...
S6 = (0,0,1,1,0,1,1,...
S7=(1,0,0,0,1,0,0,...

Next, we generate an infinite vector S by choosing the 1st digit as complementary to
the 1st digit of S1 (swapping Os for 1s and vice versa), the 2nd digit as complementary
to the 2nd digit of S2, the 3rd digit as complementary to the 3rd digit of S3, and
generally for every ¢, the ¢th digit as complementary to the ith digit of Si. For the
example above, we get
S=1(1,0,1,1,1,0,1,...).

By construction, S differs from each S7, since their ith digits differ (highlighted in the
example). Hence, S cannot occur in the enumeration.

Next we will show that a rational number can be represented in decimal form as a
terminating or nonterminating recurring decimal. For example

5/2=25, 2/8=025 T7=1.0,
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are rational numbers which are terminating decimals. On the other hand,
5/9 = 0.555555555 -+, 4/3 =1.33333---, 9/11 = 0.81818

are rational numbers which are nonterminating, recurring decimals.

Lemma 19. A real number is rational if and only if it has terminating or recurring
decimal.

Proof. Let us first consider how we can find the “rational form” of a decimal number
n.

For instance, n = 1.2367 has a terminating decimal of length 4. We simply multiply
n by 10* and divide the product by 10, so n does not change and get

12367

"= 10000

Consider the repeating decimal n = 2.135135135 - --. The repeating part (135) is 3
digits long, so we multiply n by 10% to get

1000n = 2135.135135135 - - -

If we subtract n from this, we get

1000 n = 2135.135 135 135 ...
n = 2.135 135 135 ...

and so n = 2133/999. Because both the numerator and denominator can be divided by
27, we can write n in a simplified form

-
Y

We have now described how to find the decimal corresponding to a terminating or
recurring decimal number. On the other hand, let us consider the rational x = %
To find out the decimal, we need to do the division:
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Remainders are marked with circles. Because we are dividing by 7, the remainder can
be only one of the numbers 0, 1, 2, 3, 4, 5, 6 (do not worry, we consider basics of the
number theory later in this course). When the same number (different from 0) appears
as remainder for the second time, the repetition necessarily begins.

Note that our proof is not valid in that sense that we only considered special cases.
But it should be noted that an analogous proof could be presented in a general form. [

We have proved that
V2 = 1.4142135623730950488016887242096980785696718753769480731 766797379

is not rational, and its decimal is not recurring. This implies that also

1
E = 0,707106781186547524400844362104849039284835937688474036588339868995 - - -

is not rational and its decimal is not recurring.
Example 20. We prove that the set of real numbers
0,)={zeR|0<z<1}

is not countable. This implies that R is not countable.
Let us first note that real number 0 < x < 1 has a unique decimal representation. If
x is a rational number, as we have noted, the decimal can be terminating or recurring
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decimal number. Recurring terminals are naturally of infinite length. A terminating
number, like 0.5 can be made infinite just by adding infinite number of zeros in the end,
that is,

0.5000000000000 - - -

Note that terminating numbers could be represented also in a different form. For
instance, 0.5 could be represented also in the form:

0.499999999999999999999999 - - -

(This is because there is “nothing” between 0.5 and 0.4999999999999 - - - ). Therefore,
the representations having a tail-end that consists entirely of the digit 9 are excluded.

Suppose that (0, 1) is countable. Clearly (0, 1) is not a finite set, so we are assuming
that (0,1) is countably infinite. Then there exists a bijection from N to (0, 1). In other
words, we can create an infinite list which contains every real number. Write each
number in the list in decimal notation. Such a list might look something like:

1 0.02342424209059039434934 - - -
2 0.32434293429429492439242 - - -
3 0.50000000000000000000000 - - -
4 0.20342304920940294029490 - - -

Under this assumption, the real numbers between 0 and 1 can be listed in some order,
say, a1, as, as,...Let the decimal representation of these real numbers be:

0,ai1a12a13a14a15 - - -
0, ag1azza23a24a95 - - -
0, az1az2a33azsass - - -
0, 4104204304405 - - -

Let us consider the number (diagonal):
0, a11a22a33a44a55 - + -

Then, form a new real number with decimal expansion
b=0,0102030405 - - -

where the decimal digits are determined by the following rule:

e 5 1fa“:4
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Therefore, the real number b is not equal to any of aq,as,as, ... because the decimal
expansion of b differs from the decimal expansion of a; in the ith place to the right of
the decimal point, for each . Because there is a real number b between 0 and 1 that is
not in the list, the assumption that all the real numbers between 0 and 1 could be listed
must be false. Therefore, all the real numbers between 0 and 1 cannot be listed, so
the set of real numbers between 0 and 1 is uncountable. Any set with an uncountable
subset is uncountable. Hence, the set of real numbers is uncountable

Example 21. Consider the function

1 1
- =2 fo<e <=
flx) =4 1 2
+2 f-<z<l1
rx—1 2

It can be shown that f: (0,1) — R is a bijection. This means that (0,1) contains as
many numbers as the whole R!

Example 22. Is the set of complex numbers C bigger than R?

Example 23. Even we have shows that the number of rationals is equal to the number
of integers, between two real numbers there are always one rational!

We may assume that x and y are two distinct positive real numbers. For instance, if
x is negative and y is positive, then the claim is obvious. Also negative numbers behave
like positive numbers.

Let x and y be the following two numbers:

1.414213562373095048801688724209698078569671875376948073171. ..
1.414213562373095048801688724209698078569671875376948073183. . .

We see that the endings of the two numbers are different = ends with ---73171--- and
y ends with --- 73183 --- We can now always select a terminating ending between these
two, for instance - --73179. So, the terminating decimal number (rational)

1.414213562373095048801688724209698078569671875376948073179

is a rational between x and y.

14



