Matrices

A matrix is a rectangular array of numbers for which operations such as addition and
multiplication are defined. In this course, we mainly consider matrices whose elements
are real numbers. They are called real matrix.
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The numbers in the matrix are called entries or elements. The horizontal and vertical
lines of entries in a matrix are called rows and columns, respectively.

The size of a matrix is defined by the number of rows and columns that it contains.
A matrix with m rows and n columns is called an m X n matrix, or m-by-n matrix,
while m and n are called its dimensions. For example, the matrix A above is a 3 x 2
matrix. Note that rows are mentioned first and columns are mentioned second.

Matrices with a single row are called row matrices. Those with a single column
are called column matrices. A matrix with the same number of rows and columns is
called a square matrix.

Matrices are commonly written in square brackets or parentheses:

aix Qa2 -+ Q1ip 13 A2 -+ Q1p

ag1 Q22 -+  A2p Q21 Q22 -+ A2p
A = =

am1 Am2 Amn Am1 Am2 - Amn

These matrices are also denoted by

[aij]an and (aij)an

In this course, we mostly use square brackets.

A Operations

It the matrices are of the same type, they can be summed together. The sum A + B
of two m-by-n matrices A and B is calculated entrywise:



11 Q12 - Qip b1 bz - by

Q21 Q22 -  Q2p bay  bay - Doy
+
Am1 Am2 - Amn bml me e bmn
a1 +bnn aipg+biz - a, +biy
ag; +bar  age +byy - ag, + by
Am1 + bml Am2 + bm2 Tt Amn + bmn

For example,

L3 1) {00 5] _[14+0 3+0 145 [1 3 6
1007750 |14+7 045 0+0] [8 50

We can expess a matrix sum also in more concise way:
[ai] + [bi] = lai; + bis].

This should be understood in such a way that the sum of the matrices [a;;] and [b;;] is
a matrix whose entry in position (i, j) is a;; + b;.

Proposition 1. Let A = [a;j|mxn and B = [bij]mxn-

(a) Matriz addition is commutative: A+ B = B + A.

(b) Matriz addition is associative: (A+ B)+C = A+ (B+ C).

Proof. (a) The sum of real numbers is commutative. Therefore,
[aij] + [big] = [ai; + bi] = [bij + aij] = [bi] + [ais].

(b) The sum of real numbers is commutative. This means that:

([ai;] + [bij]) + [cij] = [ai; + bij] + [ci5] = [(aij + bij) + ¢ij] = [ai; + (bij + ¢ij)]
= [ay] + [bi + cij] = [aij] + ([bi] + [ci5]) - [

Associativity means that if we are adding several matrices, we can order them any
way we wish:

(e R ) R e R R R R
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1—2+ 02+43 71—24_45753

5 —11 9 8 -7 6|) |5 —11 2 14| |7 3|°
The subtraction of matrices is possible if the number of rows and columns of both
the matrices are the same. While subtracting two matrices, we subtract the elements

in each row and column from the corresponding elements in the row and column of the
other matrix. We can give this as a formula

A = B = [aj] — [bij] = [aij — biy] .

Of course, matrix subtraction is not commutative, that is, A — B = B — A does not
generally hold.

Example 2.
13 00 [1-0 3-0 13
1 0| — |7 5| =|1-7 0=-5|=|-6 =5
1 2 2 1 1-2 2-1 -1 1
On the other hand,
00 [1 3] [-1 =3
7 5 —11 0 6 5
2 1 12 1 -1

A zero matrix 0 is a matrix all of whose entries are 0. For instance, the following
are zero matrices:

000
00 000
{00} S RO

000

There is an m x n zero matrix for every pair of positive dimensions m and n. If we add
the m x n zero matrix to another m x n matrix A, we get A.

If is clear that for any matrix, the result of the subtraction A — A is a zero matrix.
Similarly, if 0 is a zero matrix of the same size than A, then A = A+ 0 and 0 + A.

The scalar multiplication of a matrix A with a number ¢ gives another matrix of the
same size as A. It is denoted by cA, whose entries are defined by:

a1; Q2 - Qim cay; Cayz -+ Caim

Q21 Q22 -+ Q2m Caz1 Cag2 -+ Clom
cA=c| . . D=1 . .

Ap1 Ap2 - Anm Cap1 CAp2 - CQpm

In a concise way, we can write:

claij] = [cay].
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Example 3.
J[2 -1 _[2-2 2--1] _[4 -1
0O 3| 12:0 2-3| |0 6
Note also that for matrices A and B of the same size:

A—B=A+(-1)B.

The transpose of a matrix A, denoted by AT be constructed by:
e write the rows of A as the columns of AT, or equivalently,
e write the columns of A as the rows of AT

This can be expressed in form

[ai]" = [agil.

This means that the transposed matrix of [a;;] is a matrix such that in position a;; is
the element aj;. Note also that if A is an m X n matrix, then AT is an n x m matrix.

Example 4.
T
H2f={1 {1ﬂT:F 1 ;Z _{135}
2 3 4 2 4 56 2 46
Proposition 5. Let A and B be matrices and ¢ € R.

(a) (AT)" = A
(b) (A4+B)" = AT+ BT
(e) (cA)T =c(AT).

Proof. (a) Because transpose changes row to columns and columns to rows, then the
second transpose reverses the action of the first one, that is, ([aij]T)T = la;]" = [aij].

(b) [aij + by]™ = lazi + byl = [age] + [bi] = [ai] ™ + [b5] "
() [cay]t = [cazi] = clayi] = clay]™. O

Let A be a m x n-matrix and B be a n X p-matrix, that is,

a3 Q2 -+ Qin b1 by - blp

Q21 Q22 -+ Q2n bay bay - b2p
A= ] ] ) ] and B=1 ]

Qm1 Gm2 °° Qmp bnl bn2 T bnp



The product AB is the m x p matrix:

Ci1 Ci2 - Cip

Co1 Co2 -+ C2p
C =

Cm1 Cm2 ' Cmp,

where .
Cij = @ibij + aigbaj + -+ + Qinbpj = Z ik bkj
k=1
This means that when computing the entry (i,j) of the product, we take the for i of

the matrix A and the column of the matrix 7 and multiply their ‘corresponding’ entries.
Then we take the sum of the products.

apibi + -+ aby anbig o Faibne o0 a4 abyy
a1biy 4 -+ agnbpr agbiz - Fagbue o aoibip 4 agybyy
amlbll + -+ amnbnl am1b12 + -+ amnan e amlblp + -+ amnbnp

The product AB is defined if and only if the number of columns in A equals the number
of rows in B!
For example,

[234]??1_[11 28}
15 2], 4 9 28

The element 28 in the lower right corner is obtained by
1-245-442-3=24+204+6

If we multiply a matrix by a zero matrix, we get a zero matrix. Matrix multiplication
is associative: If A, B, and C are matrices and their dimensions are compatible for
multiplication, then

(AB)C = A(BC).
This is not proved in lectures; see this for details.

Example 6. The matrix multiplication is not commutative in general. That is, AB #
BA does not generally hold. The product AB may be defined without BA being defined,
namely if A and B are m-by-n and n-by-k matrices, and m # k. Note also that even
the products are AB and BA are defined, they generally need not be equal:

b b o =13
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whereas
0 111 2] |3 4
0 0|13 4] |0 0O

If the product exists, the transpose of a product of matrices is the product, in the
reverse order, of the transposes of the factors:

(AB)Y = BTA"

The proof of this formula is left as an exercise.

B Inverse of a matrix

The identity matrix of size n is the n x n square matrix I,, with ones on the main
diagonal and zeros elsewhere:

1000
100
10 0100
U R [ | R e R
0001

If I,, is the n x n identity matrix for some n, and A is a matrix which is compatible for
multiplication with A, then

Al,=A and I,A=A.
The inverse of an n X n matrix A is a matrix A~! which satisfies
AA ' =1, and A 'A=1,.

There is no such thing as matrix division in general, but if A has an inverse, we can sim-
ulate division by multiplying by A~! . This is often useful in solving matrix equations.
Note that we often denote I, simply by I if there is no danger of confusion.

Proposition 7. Let A and B be invertible n X n matrices.
(a) (AB)™' =B tA~%
(b) (AT)7! = (A71)".
Proof. (a) Now
(B'AYAB)=B YA 'A)B=B'IB=B"'B=1

and
(AB)(B'A™) = A"Y(B™'B)A= ATA™' = AA™' = I.
(b) Similarly,

AT AN = (A7A) =TT =T and (A HTAT=(AA )Y =1"=1. O
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By using the following lemma, we can find easily the inverse of a 2 x 2 matrix.

Lemma 8. Let

a b
A= [ d} |
If ad — be # 0, then the inverse of A is
1 d —b
At = —— .
i e o)
Proof. Let us denote
1 d —b
B=—— .
e o)

To show that B is the inverse of A, we have to check that AB =1 and BA = I:

o[t el -t [ b

Similarly,

P e G ] [0 W] <[

]

Because not every matrix has an inverse, it is important to know the answer to the
following questions:

e When a matrix has an inverse?
e How to find the inverse, if there is one?

We will try to answer to these two questions next.

C Elementary matrices and row operations

In this short section, we consider so-called elementary row operations. Elementary
row operations are used in Gauss—Jordan elimination method to reduce a matrix to the
reduced row echelon form. We will consider reduced row echelon form and Gauss—Jordan
elimination in detail in the following section. Later we will see how using Gauss—Jordan
elimination we can solve systems of equations and find the inverse of a matrix (if that
exists).

There are three types of elementary row operations:



e Multiplying a row by a nonzero number
e Swapping two rows
e Adding a multiple of one row to another row

An elementary matrix is a matrix which differs from the identity matrix by one
single elementary row operation. Multiplying a matrix A by an elementary matrix E
(on the left side) causes A to undergo the elementary row operation described below:

Row multiplication Multiplies all elements on row ¢ by m where m is a non-zero
real number. The corresponding elementary matrix is a diagonal matrix, with diagonal
entries 1 everywhere except in the ith position, where it is m.

-1 -

Multiplies all elements on row ¢ by m

Row switching Switches all elements on row ¢ with their counterparts on row j.
The corresponding elementary matrix is obtained by swapping row ¢ and row j of the
identity matrix.

1




Row addition Adds to row i the row j multiplied by a scalar m. The corresponding
elementary matrix is the identity matrix but with an m in the (i, j) position:

] -

1

If F is an elementary matrix, as described below, to apply the elementary row operation
to a matrix A, one multiplies A by the elementary matrix on the left, E'A.

Example 9. Each elementary matrix is invertible and the inverse matrix performs the
“inverse operation”:

Row multiplication Multiplying on the left by

1 0 0
0 17 0
0 0 1
multiplies row 2 by 17. Its inverse
1 00" [t oo
0 17 0 = ﬁ 0
0 0 1 0 0 1
divides row 2 by 17. For instance,
1 0 O0Of a1 a2 a3
0 17 0| |ag1 ag ass
0 0 1f |az1 a3 ass

1-a11+0-a33+0-a31 1-a194+0-ax+0-a32 1-a13+0-a3+0-as;
= O-a11+17~a21+0-a31 0'@12+17'G22+0'G32 O-a13+17-a23+0-a33
O-ain+0-ag+1-a3 0-a12+0-ap+1-a32 0-a13+0-a+1-as

a1 a2 a13
= 17@21 17&22 17@23
a31 a32 33



Row switching Multiplying on the left by

1 00
0 01
010
swaps row 2 and row 3. The inverse
100]" [too
0 01 =10 0 1
010 010
swaps row 2 and row 3. For example,
100 ail G2 013
0 0 1| (a1 ag ags
0 1 0] [az1 a3z as3

1'CL11+0'CL21+0'CL31 1-a12+0~a22+0'a32 1'&13"‘0'(1234‘0'@33
= 0-a11+0~a21+1-a31 0-a12+0-a22+1-a32 0'&13"‘0'&23‘}‘1'@33
0-a;1+1-a21+0-a3 O0-aia+1-ax+0-a3 0-a13+1-as+0-ass
ajp a2 a3
= |G31 G322 a33
ag Gy 17ags

Row addition Multiplying on the left by
1 0 2
010
001

adds 2 times row 3 to row 1. Note that the element a3 = 2. Its inverse

-1

1 0 2 1 0 =2
010 =101 0
0 01 00 1
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subtracts 2 times row 3 from row 1. For instance,

ail G2 013
Q21 G22 (23
asy agz2 asg
L-aj1+0-a1+2-a31 1-a12+0-ap+2-a3 1-a13+0-a+2-as3
= O'CL11+1'6L21+O'CL31 0-a12+1~a22+0~a32 0~a13—|—1-a23+0-a33
O'CL11+0'CL21+1'CL31 0'(112+0'CL22+1'CL32 0'&13+0'CL23+1'CL33

an + 2a31 a2 + 2a32 a3 + 2as3

o O =
O = O
_ o N

Matrices A and B are row-equivalent if A can be transformed to B by a finite sequence
of elementary row operations.

Since row operations may be implemented by multiplying by elementary matrices, A
and B are row-equivalent if and only if there are elementary matrices Ey, ..., E, such
that

E,---E,A=DB

D Gauss—Jordan elimination

The Gauss—Jordan elimination is an algorithm to solve a system of linear equations
by representing it as an augmented matrix, reducing it using row operations, and ex-
pressing the system in reduced row echelon form to find the values of the variables. We
will see that solving a system of linear equations is closely related to finding the inverse
of the matrix. We will see that Gauss—Jordan elimination can be used also for finding
the inverse of a matrix.

First we need to define several new concepts. A matrix is in row echelon form if:

(i) All rows consisting of only zeroes are at the bottom.

(ii) The leading coefficient of a nonzero row is always strictly to the right of the leading
coefficient of the row above it.

These two conditions imply that all entries in a column below a leading coefficient are
ZEros.

Example 10. The following two matrices are in row echelon form:

1 1 3 1 ap ap as as
0 -5 =5 and 0 0 2 a4 as
0 0 O 00 0 1 ag

11



A matrix which is in row echelon form can be viewed as a “step matrix”. The entries
in the lower-left corner of the matrix are zeros, and the shape of the leading non-zero
elements forms a shape of steps.

A matrix is in reduced row echelon form if it satisfies the following conditions:

e [t is in row echelon form.
e The leading entry in each nonzero row is a 1 (called a leading 1).

e FEach column containing a leading 1 has zeros in all its other entries.

The row reduced echelon form of a matrix is unique and every matrix can be always
transformed to a reduced row echelon form.

Example 11. This matrix is in reduced row echelon form:

1 0 aq 0 b1
01 a9 0 b2
00 0 1 b3

Let us consider the following system of equations:

1171 + @19 + - - - + a1, = by

a21T1 + Q92T + * + + + Ao Ty = b2

Ap1T1 + paX2 + -+ - + App Ty = bn

Here x1, x9, ..., x, are the unknown variables, a1, a2, ..., a,, are the coefficients of
the system, and by, bo, ..., b, are the constant terms. Our task is to find a solution
of the linear system is an assignment of values to the variables x1, zs, ..., x, such that
each of the equations is satisfied.

Let A be a matrix formed from the coefficients a,; of the above system, that is,

a;r a2 ... QAip

ao1 A2 ... QA92n
A= |

Ap1 Ap2 ... Qpp

This is called the coefficient matrix of the system.
We set x to be the column matrix

€
T2
X =

Tn

12



consisting of all the unknowns. This can be also denoted

X =[r1,..., 2"

Note that we denote column matrices by bold so that the are not mixed with variables
of numbers. We also set

that is, b = [by,...,b,]T. Now the system of equations

1121 + @122 + - - + a1y, = by

211 + A929T9 + -t aA9n Ty — b2

Ap1T1 + ApaX2 + -+ - + App Ty = bn

can be written in matrix form:

Ax = b.
Please check that this really holds by doing the Ax multiplication!

If A has an inverse A~!, we can multiply from left the both sides of the equation
Ax=b by A7

Ax=b < A 'Ax=A""b «—= Ix=A"'"b «— x=A"'b.

Knowing the inverse of the matrix solves the systems of linear equations related to
that matrix.

We will also see that solving a system of equations produces the inverse of a matrix
as a “side product”.

Finally, we will consider the Gauss-Jordan elimination method. It is an algorithm
and can easily be programmed to solve a system of linear equations. The main idea of
Gauss-Jordan Elimination is:

e To represent a system of linear equations in an augmented matrix form.

e Performing the row operations on it until the reduced row echelon form is achieved.
Recall that the elementary row operations can be performed by multiplying with
elementary matrices from left.

13



e Lastly, we can easily recognize the solutions from the reduced row echelon form

Example 12. In this simple example, we show how the Gauss-Jordan elimination
works. Consider a system of equations:

r + y =3
v — 2y =4

Let us first form the coefficient matrix of the system:

5

Note that the first column contains the coefficients of the first unknown z and the
second column contains the coefficients of the second unknown y. Next, the coefficient
matrix is augmented by writing the constants that appear on the right-hand sides of
the equations as an additional column:

1 1 3

{3 —2 4}
This is called the augmented matrix, and each row corresponds to an equation in the
given system. Note that the first row, r; = [1,1, 3], corresponds to the first equation,
lz + 1y = 3, and the second row, ry = [3, —2,4], corresponds to the second equation,
3 — 2y = 4.

Next we use elementary row operations to transform the matrix to the the reduced

row echelon form:

113(:1g113 @113@102
3 -2 4 0 -5 -5 011 011

Here are the steps presented as matrix multiplications:

(1) Multiply the first row by —3 and add it to the second row:
1 0p(1 1 3| 1 1 3 11 3
-3 1|3 =2 4] |3—-3 -3-2 —-9+4| |0 =5 =5
(2) Divide the second row by —5 (= multiply with —3):
[1 0“1 1 3}_[1 1 3 ]_[113]
0 —2| [0 =5 =5 0 —5-—% —5-—1 01 1
(3) Multiply the second row by —1 and add it to the first row:
I =141 13 |1-0 1-1 3—-1f |1 0 2
0O 1[0 1 1] 0 1 1 0011

14



Because the first column corresponds to x and the second variable corresponds to y,
we get the solution x = 2 and y = 1. What is also important is that we have now
transformed A to an identity matrix.

Note that we need the fact that the elementary row operations preserve the solu-
tions of a linear system of equations. Swapping rows is just changing the order of the
equations begin considered, which certainly should not alter the solutions. Scalar mul-
tiplication is just multiplying the equation by the same number on both sides, which
does not change the solution(s) of the equation. It is also true that if two equations
share a common solution, adding one to the other preserves the solution. This is not
proved in this course.

Example 13. This system of equations has three variable and three equations.

r— y+ z= 8
204+3y— z =—2
3x—2y—9z = 9

Let us try to solve that system by using Gauss-Jordan elimination. First, we write the
augmented matrix:
-1 1 8

2 3 -1 =2
3 -2 -9 9
We transform it to echelon form such that the leading coefficients are 1’s. Note that
in this example R; denotes the first for of the matrix, Ry is the second row and Rg is
the third one.
Let us consider the element in the upper left corner marked inside a box. It is
already in its correct position. We aim to eliminate (reduce to “0”) all the elements
below it. This is done by adding multiples of R; to the other rows.

—2R; + Ry — R
-1 1 8
0 5 -3 -—18
3 -2 -9 9
Now the second row contains 0 in the first column.

—3R; + R3 — Rgs:
1 -1 1 8
0 5 -3 -—-18
0 1 -—-12 -—-15

Now also the third row contains 0 in the first column.

15



Interchange R, and R; (because in row 3 the element in second column is 1):

1 -1 1 8

0 [1] —12 —15

0 5 -3 -—18

Next we consider the leading 1 in second row (in the box) and try to eliminate the
element below it:
—5Rs + R3 — Rag:

1 -1 1 8

0 1 —-12 —-15

0 0 57 57

—%Rg, — Rg (to have 1 as the leading coefficient):

1 -1 1 8
0 1 —-12 —-15
0 O 1 1

This matrix is in row echelon form such that the leading coefficients are 1. It needs to
be transformed to the reduced row echelon form. This is done as follows:

12R3 + R — Ras:

1 -1 1 8
0 1 0 -3
0 0 1 1
1R, + R; — Ry:
1 1 5]
01 0 -3
00 1 1]
—1R2 -+ Rl — R13 i _
1 00 4
01 0 -3
_0 01 1 ]

This is now in reduced row echelon form. Note also that we have now transformed A
into identity matrix (three first columns)! From this form we see that the system of
equations has the solution:

r=4, y=-3, z=1.

You may check that these numbers satisfy all the equations, for instance, the second
equation 2z + 3y — z = —2 of the system is satisfied, because

2.4+3-(-3)—1=8-9—1=—2.
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E Finding the inverse of a matrix

In this section, we show theoretically how finding the inverse of the matrix and solving
a system of linear equations can be seen as equivalent tasks!

Theorem 14. Let A be an n x n matrixz. The following are equivalent:

(a) A is row equivalent to I,,.
(

b

A is a product of elementary matrices.

(c) A is invertible.

)
)
)
(d) The system Ax = 0 of n unknowns x = [z1, %9, ..., 2,|T has only the trivial solution
x = 0, where 0 = [0,0,...,0]T.

Proof. We prove (a)=-(b), (b)=(c), (c)=-(d) and (d)=-(a).

(a)=(b): Assume that (a) holds. Let Ei,..., E, be elementary matrices which row
reduce A to I, that is,
By E,A=1I,

Then
(E;'E\)Ey--E,A=E' I =E' and E,-- E,A=FE".
Similarly,
Es-- E,A=FE,'E".
Finally we get:
A=E " BTN
Since the inverse of an elementary matrix is an elementary matrix, A is a product of

elementary matrices. So (b) holds.

(b)=-(c): Suppose that (b) holds. Write A as a product of elementary matrices: A =
Fy---F,. Now
Fl...Fq.Fq—l...Fl—lzj

and
Fq’l---Fl’l-Flu-Fq:I.

Hence,
A7t = F;l . -Ffl.

This means that A is invertible and (c) holds.

(c)=(d): Suppose that (c) holds, that is, A is invertible. If we multiply Ax = 0 both
sides by A™!, we get:
x=A"Ax=A"'0=0,

17



that is, 0 is the one and only solution to the system.

(d)=(a): Assume that the only solution to Ax = 0is x = 0 . If A = [a;;]nxn, the
augmented matrix is:

ay aig -+ ap, O
agy Gz -+ azp O
Anp1 Ap2 - Ann O

This means that using Gauss—Jordan elimination, we can obtain the only possible so-
lution 1 = 0,29 =0,..., 2, = 0:

10 00

01 00

00 --- 10
Note that the first n columns form the identity matrix [,,. This means that there is a
sequence of row operations E, ..., E,, which transforms A to the identity I,,. Thus, A
is row equivalent to I,,. O

Example 15. The matrix
2 —4
=)

is not invertible. There are several ways to show this, but let us consider the system
Ax = 0 of equations, that is,
23}'1—4332 =0

131—2[E2 =0

For instance, x1 = 2 and x5 = 1 satisfies both the equations. This means that is has
more solutions than x = 0. Theorem [14] implies that A is not invertible. In fact, we
can select zo freely and set 1 = 2x5. This means that the system of equations has an
infinite number of solutions.
2 —4
S !

Note also that
cannot be row reduced to Iy. We can transform A to the reduced row echelon form:

-

But it appears that this matrix can be never transformed to the identity matrix I5 by
elementary row operations.
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Finally, let us consider an example showing how we can find the inverse of a matrix.

Example 16. If A is invertible, Theorem (14| says that A can be written as a product
of elementary matrices. We row reduce A to the identity (similarly as in Gauss-Jordan
elimination) and write each row operation as an elementary matrix. For instance, if the
used matrices are Fy, Fs, E3 and Ej in this order, then

A~Y = E,F3EyF;.

For example, let

We row reduce A to I:
%Rl — Rli

2R1 + R2 — Rz:

BERE

The corresponding elementary matrix is:

10
aefa

o -l 3

The corresponding elementary matrix is:

—1R2 — RQI

Rl + 2R2 — Rll



The corresponding elementary matrix is:

12
we o]

We have been able to row reduce A to the identity, that is,
EE3sFEyE1A =1

But this means that

A~ = E BB, B,
Now
-3 8- )
Es E ﬂ B é —1) E (ﬂ - [—%1 —01]’
E [—%1 —01} - (1) ﬂ —%1 —01] - [_—11% :ﬂ

The last one is the inverse matrix of A because

2 —4 —1% —2] _[1 0]
-2 3 -1 -1 [0 1
and _ - -
-1; —2][2 —4] _[1 0
-1 -1/ |-2 3| [0 1
Finally, note that matrix )
1 -2
-1 -1
could be obtained starting from the identity matrix
10
0 1
and by doing the elementary row operations corresponding to the matrices Fy, ..., E,

(please check yourself):
[ ] %Rl — Rl
° 2R1 + R2 — Rz

[ —].Rg — R2

20



e R, +2R, - R,

We can now prove the following corollary of Theorem [14]
Corollary 17. Let A = [a;j|nxn. The following are equivalent:
(a) A is invertible.
(b) For any b = [by,...,b,]T, the system Ax =b has a unique solution.

Proof. (a)=-(b): Suppose that A is invertible. As we have already noted, we can
multiply the both sides of Ax = b from left by A=!. We obtain

A7 Ax = A7b,

which means that
x=A"'b

is a solution.

Suppose that Ax = b has two solutions, which are denoted by x; and x5. Note that
matrix product is distributive over sum, that is, A(B+ C) = AB + AC (unfortunately,
not proved in this course). We have that

A(Xl—Xz):AX]_—AXQIb—b:O.

This means that x; —xa is a solution to Ax = 0. Because A is invertible, by Theorem [14]
the only solution to Ax = 0 is x = 0. We have that x; — x5 = 0 yielding x; = x5. This
means that A~'b is the only solution to Ax = b.

(b)=-(a): Suppose Ax = b has a unique solution for every b. In particular, for
b = 0, the system Ax = 0 has a unique solution (which is x = 0). By Theorem , A
is invertible. O

We end this section by showing that two square matrices A and B are inverses
requires only half of the work.

Proposition 18. If A and B are n x n matrices and AB = I, then A = B™! and
BA=1.

Proof. Suppose that AB = I. The system
Bx=0
has x = 0 as a solution. Suppose for contradiction that y is another solution, that is,

By =0
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Let us multiply both sides by A and simplify:
ABy = A0 <= [y =0 <= y=0.

This means that y = x and x is the only solution. Therefore, by Theorem B is
invertible. We have that

AB=1=ABB '=IB'= Al=B'= A=B"

Moreover,
BA=BB '=1. O

F Boolean matrices and relations

A Boolean matrix is a matrix with entries from the Boolean domain {0,1}. Such a
matrix can be used to represent a binary relation between a pair of finite sets. If R is a
binary relation between finite sets X = {xy,...,2,,} and Y = {y1,...,y,n}, then R can
be represented by the Boolean matrix M whose entries are defined by:

Mo — {1 (zi,y;) € R
0 (zi,y)) ¢ R

ij
Example 19. Let us consider the ‘divides’ relation | on the set {1,2,3,4}. For example,
2|4 holds, because 2 divides 4, but 3|4 does not hold because 4/3 has a remainder of 1.
The following set is the set of pairs for which the relation | holds:

{(17 1)7 (17 2)’ (]‘73)7 (174)7 (2’ 2)7 (27 4)7 (373)’ (4’ 4)}

The corresponding representation as a Boolean matrix is:

OO O =
oo~ K~
O~ O
—_ O =

The product of Boolean matrices works very similarly as the matrix multiplication.
Let A be an m x k matrix and B be a k X n matrix, and that both matrices are zero-
one matrices. Then the Boolean product of A = [a;j|mxr and B = [b;j]xxn, denoted by
Ao B, is the m x n matrix C' = [¢;;] such that

Cij = (aﬂ N blj) vV (aig A\ bgj) VeV ((Zip N bpj) .

This Boolean product form is very similar to the matrix multiplication formula, except
now we replace - with A and + with V. In addition, the product of A o B is undefined
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if the number of columns of A is not the same as the number of rows of B. Suppose
A is an m x k matrix and B is [ X n matrix, then A o B is defined only if £ = [ and
similarly B o A is defined only if n = m.

If the relations R and S are represented by their matrices Mr and Mg, then the
composition R o S of relations is represented by the matrix product Mg o Mg.

Example 20. Let A = {a,b,c}, B = {1,2}, and C = {x,y,z}. Let R be a relation
from A to B such that
R= {<a7 1>> (b7 2)7 (Cv 1)7 (Ca 2)

Then, the matrix Mp is a 3 X 2 matrix such that
10
Mg= (0 1
11

Let S be a relation from B to C defined so that

S = {(LI)? (17'Z>7 (Z,y), (27 Z)}

Its matrix is a 2 x 3-matrix

101
”@_{01 J
Now Mpg o Mg is a 3 x 3-matrix
N 1 0 1
A@M@:01{01J:()!1
11 1 1 1

Consider for example the element in box. It is computed as
(OANO0)V(IAL)=0V1=1.
On the other hand, R o S is a relation from A to C' such that

Ro S ={(a,2),(a,z),(by), (b 2),(c,x), (¢ y), (¢, 2)}.

Its matrix Mpog is a 3 X 3 matrix

1
MROS =10
1

— = O
—_

Note that Mp o Mg = Mp.s.
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We end this course by noting that the transpose M} is the matrix of the inverse of
the relation R.

Example 21. Let X = {a,b,c} and Y = {1,2}. Let the relation R C X x Y be such
that

R = {(a> 1)7 (a’ 2)7 (bv 1)’ (Cv 2)}

The Boolean matrix of R is
11
Mrp=11 0
01
The relation R~ is a relation from Y to X and its matrix is

110]

— T _
Mg+ = Mg _L -
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